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The nonlinear coherent interaction of light with the dispersive and Kerr-type third-order suscep-
tibility medium containing optical impurity atoms or semiconductor quantum dots is considered.
Using the generalized perturbation reduction method, the nonlinear wave equation is reduced to the
coupled nonlinear Schro¨dinger equations. It is shown that the second-order derivatives play a key
role in the description of the process of formation of the bound state of two breathers oscillating
with the sum and the difference of frequencies and wave numbers. The resonant, nonresonant and
hybrid mechanisms of the formation of the two-component nonlinear pulse - the vector breather
are realized depending on the light and medium parameters. Explicit analytical expressions for the
profile and parameters of the nonlinear pulse are presented. The conditions of the excitation of res-
onant, nonresonant and hybrid nonlinear waves are discussed. In the particular case, the resonant
vector breather coincides with the vector 0pi pulse of self-induced transparency.
PACS numbers: 42.65.-k, 05.45.Yv, 02.30.Jr, 52.35.Mw
I. INTRODUCTION
The nonlinear light-matter interaction is a field of intensive research that covers a wide class of nonlinear optical
phenomena. At the nonlinear coherent interaction of light and matter there occur various nonlinear processes. A
special interest is shown in the processes which lead to the formation of nonlinear solitary waves of stable profile. The
propagation of these waves is one of the most striking demonstrations of nonlinearity in optical media. The analysis
of the mechanisms causing the formation of nonlinear solitary optical waves, the establishment of their types and the
study of their properties in various nonlinear media are among the basic problems of the physics of nonlinear optical
waves.
Depending on the character of nonlinearity, the nonresonant and resonant mechanisms of the formation of nonlinear
solitary waves are considered. In the case of nonresonant nonlinearity, which can be connected with the quadratic
(second-order) or cubic (third-order) nonlinear susceptibilities, its competition with dispersion or diffraction leads
to the formation of nonresonant optical nonlinear waves of stable profiles which can be respectively classified as
temporal or spatial solitary waves [1–8]. Resonant optical solitary waves can be formed in the conditions of self-
induced transparency (SIT) [9–19].
Both resonant and nonresonant nonlinear solitary waves are divided into two basic types: single-component and
two-component nonlinear waves. In the main, to single-component nonlinear solitary waves are attributed scalar
solitons and scalar breathers, and to two-component waves there belong vector solitons and vector breathers or their
modifications.
Although the SIT phenomenon and resonant nonlinear waves, namely, scalar solitons and scalar breathers have
already been studied for quite a long time, in recent years the interest in their investigation has noticeably revived.
A lot of theoretical and experimental studies have been carried out [20–44].
In SIT theory, second-order derivatives in space coordinate and the time of the electric field strength of the pulse
in the Maxwell wave equation were usually neglected. So, it was believed that the basic SIT waves are the scalar
single-component 0π pulse and the scalar singe-component McCall-Hahn’s 2π pulse [9–15]. However, the situation has
recently changed due to the development of a new mathematical approach - the generalized perturbative reduction
method (PRM) [45–56].
As different from the standard PRM [57] adapted for the consideration of single-component nonlinear waves, the
generalized PRM makes it possible to proceed to the next stage of the development of SIT theory, i.e. to the study
of the properties of two-component solitary waves. The generalized PRM demonstrates what an important role the
second-order derivatives of the Maxwell wave equation play in SIT theory. These derivatives are used, in particular, to
describe the interaction between two single-component breathers, which leads to the formation of their bound state.
Using the generalized PRM, qualitatively new results were obtained in SIT theory. It was established that there exists
a two-component vector breather (TVB) which in SIT theory is called the vector 0π pulse. The vector 0π pulse is the
bound state of two breathers of the same polarization, one component oscillating with the sum and the other with
the difference of frequencies and wave numbers (SDFW). As a result of such a superposition there arises a nonlinear
zero-area pulse with specific phase modulation and the profile which significantly differs from the profiles of the scalar
single-component SIT-soliton and the scalar single-component SIT-breather. This clearly implies that the basic SIT
2pulse is the vector 0π pulse and the scalar 2π pulse. But the scalar 0π pulse of SIT is only a certain approximation
of the vector 0π pulse, which takes place only if the second-order derivatives in SIT equations are neglected or a less
general mathematical approach than the generalized PRM, for instance, the standard PRM is used (for details see
[51–53]).
The optical resonant vector 0π pulse in various isotropic and anisotropic materials was investigated for one-photon
and two-photon resonance excitations, plane and surface waves, also the waveguide modes were studied in different
physical situations [45–50]. Optical nonresonant TVB oscillating with the SDFW in the dispersive and Kerr-type
third-order susceptibility medium were considered using the generalized PRM [58].
Depending on the numerical values of light and medium parameters there may occur physical situations in which
both resonant and nonresonant mechanisms of the formation of nonlinear waves act simultaneously. In that case, the
hybrid (blended) mechanism of excitation of a nonlinear solitary wave becomes active and a hybrid nonlinear pulse can
be formed. Hybrid single-component scalar solitons and hybrid single-component scalar breathers were investigated
by different mathematical approaches in the course of many years [59–68]. However, using the generalized PRM we
have obtained the novel result - the hybrid TVB oscillating with the SDFW which has not been studied until now.
The goals of the present study are as follows: investigation of processes of the formation of the optical hybrid TVB
oscillating with the SDFW and propagating in dispersive Kerr-type nonlinear medium containing a small concentration
of optical impurity atoms or semiconductor quantum dots (SQDs); derivation of explicit analytical expressions for
the parameters of the hybrid TVB oscillating with the SDFW in the carrier wave frequency and wave number region;
definition of the conditions for the existence of the nonlinear waves.
The rest of this paper is organized as follows. Section II is devoted to the derivation of SIT equations in dispersive
Kerr-type medium containing optically active impurity atoms (SQDs) for slowly varying envelope functions. In Section
III, using the generalized PRM the nonlinear wave equation for these functions is transformed to coupled nonlinear
Schro¨dinger equations (NSEs) for auxiliary functions. The explicit expressions are obtained for the TVB oscillating
with the SDFW. In the last section IV, we discuss the obtained results, the role of second-order derivatives in the
process of formation of the bound state of two wave packets and consider the criteria of the existence of resonant,
nonresonant and hybrid nonlinear waves.
II. BASIC EQUATIONS
We study the physical process of formation of the optical TVB oscillating with the SDFW in the dispersive Kerr-
type third-order susceptibility medium containing a small concentration n0 of optical active impurity atoms or SQDs.
The optical linear-polarized along the x axis pulse with width T << T1,2, frequency ω >> T
−1 and wave vector ~k
spreads in the positive direction along the z-axis. Here ω is the carrier wave frequency of the optical wave, while
T1 and T2 are respectively the longitudinal and the transverse relaxation time of optical resonant atoms or SQDs.
In general, the dispersion can be described by means of the electric permittivity tensor εij(z, t) which depends on
the space coordinate z and the time t. But in an isotropic medium the permittivity tensor reduces to the form
εij(z, t) = ε(z, t)δij, where ε(z, t) is the scalar function, δij is the Kronecker symbol.
The wave equation for the x -component of the strength of the electric field ~E(E, 0, 0) is written in the form [5, 69]
c2
∂2E
∂z2
−
∂2Dl
∂t2
= 4π
∂2P
∂t2
, (1)
where c is the velocity of light in vacuum, Dl is the linear part of the x -component of the electric displacement vector
(Appendix I). The nonlinear polarization of the medium P = Pn + Pr, contains the nonresonant and resonant parts.
Here
Pn =
∫
ρxxxx(z1, z2, z3, t1, t2, t3)E(z − z1, t− t1)E(z − z1 − z2, t− t1 − t2)×
E(z − z1 − z2 − z3, t− t1 − t2 − t3)dz1dz2dz3dt1dt2dt3 (2)
is the x -component of the nonresonant nonlinear Kerr-type polarization of the medium, ρxxxx is the component of
the third-order susceptibility tensor. Pr = n0µs1 is the x -component of the polarization of two-level optical impurity
atoms (SQDs), where µ is the dipole matrix element of the optical atoms (SQDs), si(t) =< σˆi(t) > are average
quantities of the Pauly’s operators σˆi, (i = 1, 2, 3).
The dependence of the function Pr on the strength of the electrical field E is defined by the optical Bloch equations
[11, 25, 70]
∂s1
∂t
= −ω0s2,
3∂s2
∂t
= ω0s1 + κ0Es3,
∂s3
∂t
= −κ0Es2, (3)
where κ0 =
2µ
~
, ~ is Planck’s constant, ω0 is the excitation frequency of optical impurity two-level atoms.
The system of equations (1)-(3), which are SIT equations in the dispersive Kerr-type medium, can be simplified by
using the method of slowly varying profile. To this end, we write the x -component of the strength of the electric field
E and the polarization Pr in the form [10–15]
E =
∑
l=±1
EˆlZl, Pr = n0µ
∑
l=±1
d−lZl, (4)
where Eˆl and dl are the slowly varying complex amplitudes of the optical electric field and the polarization of optical
active atoms. These are complex functions in view of the fact that the wave is phase modulated. Zl = e
il(kz−ωt) is
the fast oscillating function. Because E is a real function, we set Eˆl = Eˆ
∗
−l.
As compared with the carrier wave parts, the envelopes Eˆl and dl vary with a sufficient slowness in space and time.
Therefore the following inequalities are valid for Eˆl∣∣∣∣∣
∂Eˆl
∂t
∣∣∣∣∣≪ ω|Eˆl|,
∣∣∣∣∣
∂Eˆl
∂z
∣∣∣∣∣≪ k|Eˆl|, (5)
and similar inequalities hold for the complex function dl.
Substituting Eq.(4) into the wave equation (1), and taking into account Eq.(17) (see Appendix I), we obtain the
dispersion law for the propagating pulse in the medium
c2k2 = ω2κ (6)
and the nonlinear wave equation for the envelope function Eˆl in the form:
∑
l=±1
Zl{[ig1
∂Eˆl
∂z
+ ig3
∂Eˆl
∂t
+ g2
∂2Eˆl
∂z2
− g5
∂2Eˆl
∂t2
− g4
∂2Eˆl
∂z∂t
]− 4πω2
∑
l′
∑
l′′
ρ˜l,l′,l′′Eˆl−l′−l′′Eˆl′ Eˆl′′}+ 4π
∂2Pr
∂t2
= 0, (7)
where
g1 = ω
2a− 2lkc2, g2 = ω
2c− c2, g3 = −(ω
2b+ 2lωκ),
g4 = 2lωa+ ω
2t˜, g5 = −(ω
2d+ 2lωb+ κ).
ρ˜l,l′,l′′ =
∫
ρxxxx(z1, z2, z3, t1, t2, t3)e
−il(kz1−ωt1)e−i(l
′+l′′)[kz2−ωt2]e−il
′′[kz3−ωt3]dz1dz2dz3dt1dt2dt3.
Eq.(7) describes various nonlinear processes which arise for the nonlinear coherent interaction of light and the
dispersive Kerr-type medium containing optical impurity atoms (SQDs), and in particular, processes of the formation
of single-component and two-component solitary nonlinear waves when resonant and nonresonant mechanisms act
simultaneously.
III. APPLICATION OF THE GENERALIZED PERTURBATION REDUCTION METHOD
For the analyze of the two-component nonlinear solitary wave solution of Eq.(7) we apply the generalized PRM
[45–51] by means of which this equation can be transformed to the coupled NSEs. In this approach the envelope
function Eˆl(z, t) can be represented as:
Eˆl(z, t) =
∑
α=1
εαEˆ
(α)
l =
∞∑
α=1
+∞∑
n=−∞
εαYl,nf
(α)
l,n (ζ, τ), (8)
4where
Yl,n = e
in(Ql,nz−Ωl,nt), ζl,n = εQl,n(z − vg;l,nt), τ = ε
2t, vg;l,n =
dΩl,n
dQl,n
,
ε is a small parameter. Such an expansion allows us to separate from Eˆl the even more slowly changing auxiliary
function f
(α)
l,n . It is assumed that the quantities Ωl,n, Ql,n, and f
(α)
l,n satisfy the inequalities:
ω ≫ Ωl,n, k ≫ Ql,n,
∣∣∣∣∣
∂f
(α)
l,n
∂t
∣∣∣∣∣≪ Ωl,n
∣∣∣f (α)l,n
∣∣∣ ,
∣∣∣∣∣
∂f
(α)
l,n
∂z
∣∣∣∣∣≪ Ql,n
∣∣∣f (α)l,n
∣∣∣ .
for any value of indexes l and n.
Although the quantities Ql,n, Ωl,n, ζl,n and vg;l,n depend on l and n, for simplicity, we omit these indexes in the
equations below when this does not cause confusion.
The generalized PRM (8) holds for the phase modulated complex function Eˆl. Otherwise, if the wave is not
phase-modulated, then the function Eˆl = Eˆ−l = Eˆ is real and does not depend on the index l.
It should be noted that the generalized PRM is a sufficiently general mathematical approach and can be used not
only for studying two-component solitary optical waves, but also for the investigation of two-component waves in
nonlinear acoustics, hydro-dynamics, plasma physics, and so on [54–56, 71–73].
Substituting Eq.(8) into Eq.(7), and taking into account the explicit form of the polarization envelope (18), we
obtain
∑
l=±1
∞∑
α=1
+∞∑
n=−∞
εαYl,nZl{W˜l,n + iεJl,n
∂
∂ζ
+ iε2hl,n
∂
∂τ
+ ε2Hl,n
∂2
∂ζ2
}f
(α)
l,n
= ε3
∑
l=±1
ZlRl[(|f
(1)
l,l |
2 + 2|f
(1)
l,−l|
2)f
(1)
l,l Yl,l + (|f
(1)
l,−l|
2 + 2|f
(1)
l,l |
2)f
(1)
l,−lYl,−l]
−ε3iæ2
∑
l=±1
lZl
∫
∂Θl
(1)
∂t
Θ−l
(1)Θl
(1)dt′ + ...} (9)
where
W˜l,n = g3nΩ− g1nQ− g2Q
2 + g5Ω
2 − g4QΩ+ æ1
ln
Ω
,
Jl,n = g3vg − g1 − 2g2nQ+ 2ng5Ωvg − g4n(Qvg +Ω),
hl,n = g3 + 2g5nΩ− g4nQ,
Hl,n = Q
2(g2 − g5v
2
g + g4vg),
æ1 =
4πω2n0µ
2
~
< g >,
æ2 =
8πn0µ
4
~3
< g >,
Rl = 4πω
2(ρ˜l,l,l + ρ˜l,l,−l + ρ˜l,−l,l). (10)
5To define the function f
(α)
l,n in Eq.(9), we equate to zero the terms corresponding to the same powers of ε. As a
result, we obtain a sequence of equations. Starting with first order of ε, we find that only the components f
(1)
±1,±1 or
f
(1)
±1,∓1 of the function f
(1)
l,n are different from zero. The relations between the parameters Ωl,n and Ql,n is defined by
Eq.(9) and has the form
g3nΩl,n − g1nQl,n +æ1
ln
Ωl,n
= g2Q
2
l,n − g5Ω
2
l,n + g4Ql,nΩl,n. (11)
Substituting Eq.(11) into Eq.(9), we prove that the following equations hold J±1,±1 = J±1,∓1 = 0. From Eq.(9), to
third order in ε, and introducing the functions u±1 = εf+1,±1, we get the coupled NSEs in the form
[i(
∂u±1
∂t
+ v±
∂u±1
∂z
) + p±
∂2u±1
∂z2
+ q±|u±1|
2u±1 + r±|u∓1|
2u±1 = 0, (12)
where
v± = vg;+1,±1 , p± =
H+1,±1
h+1,±1Q
2
±
, q± =
κ±1
h+1,±1
, r± =
κ±2
h+1,±1
κ±1 = R+1 ±
æ2
Ω3±
, κ±2 = 2R+1 ±
æ2
Ω2±Ω∓
(
Ω±
Ω∓
− 1). (13)
From Eq.(11) it follows that
Ω+1,−1 = Ω−1,+1 = Ω−, Ω+1,+1 = Ω−1,−1 = Ω+,
Q+1,−1 = Q−1,+1 = Q−, Q+1,+1 = Q−1,−1 = Q+. (14)
Substituting the components of the vector soliton u+1 and u−1 from Eq.(19) into Eqs.(4) and (8), for the x-
component of the electric field E(z, t) we obtain the TVB oscillating with the SDFW in the form
E(z, t) =
2
bT
sech(
t− z
V
T
){f+1 cos[(k+Q++k+1)z−(ω+Ω++ω+1)t]+f−1 cos[(k−Q−+k−1)z−(ω−Ω−+ω−1)t]}. (15)
IV. CONCLUSIONS AND DISCUSSIONS
We consider the coherent nonlinear interaction of light with the dispersive Kerr-type medium containing optical
impurity atoms or SQDs. It is shown that along with one-component nonlinear waves (solitons and breathers)
investigated earlier [59–68], the two-component nonlinear wave (vector breather) Eq.(15) may also be formed when
both resonant and nonresonant mechanisms of the formation of the nonlinear waves act simultaneously.
Eq.(15) is the TVB oscillating with the SDFW which is the solution of the nonlinear wave equation (1). This
expression can be considered as a superposition of two small amplitude breathers. The first term of Eq.(15) is the
small amplitude (f+1) breather oscillating with the sum of frequencies ω + Ω+ and wave numbers k + Q+, and the
second term is the small amplitude (f−1) breather oscillating with the difference of frequencies ω − Ω− and wave
numbers k − Q− (taking into account Eq.(21)). The nonlinear coupling between these two wave packets is defined
by the cross terms r+|u−1|
2u+1 and r−|u+1|
2u−1 of Eq.(12). Both breathers are polarized along the x axis. The
parameters of the breathers are closely interconnected with each other and are defined by Eqs.(13), (20) and (22).
These breathers form the single integrated pulse Eq.(15) which propagates in a medium with the velocity V0 (Appendix
II). The dispersion relation and connections between the oscillating parameters Ω± and Q± are defined by Eqs.(6),
(11) and (14). Similar to the scalar single-component soliton and breather, the TVB oscillating with the SDFW
Eq.(15) loses no energy while propagating through the medium.
In view of the fact that in different systems the quantity æ2 in Eqs.(10) and (13) varies in a very wide range, we
can consider in particular three different physical situations [59–68].
i. In the medium where the condition R+1 <<
æ2
Ω3
±
is satisfied, the resonant TVB oscillating with the SDFW can be
formed under the SIT condition. In that case, the TVB with the SDFW coincides with the vector 0π pulse [45–53].
6ii. The nonresonant TVB oscillating with the SDFW can be formed when the light and medium parameters satisfy
the condition R+1 >>
æ2
Ω3
±
[58].
iii. The hybrid TVB oscillating with the SDFW can be formed in a situation where the light and medium parameters
satisfy the requirement that the quantities R+1 and
æ2
Ω3
±
be of the same order.
Comparing Eqs.(5) and (7) we clearly see that the second-order derivatives g2
∂2Eˆl
∂z2
− g5
∂2Eˆl
∂t2
− g4
∂2Eˆl
∂z∂t
are smaller
than the first-order derivatives i(g1
∂Eˆl
∂z
+ g3
∂Eˆl
∂t
). Nevertheless the second-order derivatives play a significant role in
the process of formation of nonlinear solitary waves. The second-order derivatives of Eq.(7) are connected with the
terms g2Q
2
l,n − g5Ω
2
l,n + g4Ql,nΩl,n of Eq.(11) and the characteristic parameters Ω± and Q± of Eq.(14).
In the particular case, if we neglect the second-order derivatives in Eq.(7), as was usually done before the develop-
ment of the generalized PRM, then we can obtain scalar single-component SIT-soliton and scalar single-component
SIT-breather solutions of Eq.(7). Indeed, in this case, neglecting in Eq.(11) the terms with the coefficients g2, g4
and g5, we see that this equation does not any longer depend on the indexes l and n. Consequently, the conditions
Ω+ = Ω−, Q+ = Q− and r± = 0 are fulfilled and the resonant TVB oscillating with the SDFW (case i) is partitioned
into two scalar single-component SIT-breathers which propagate independently of each other. Note, that in the the-
ory of SIT we can neglect the second-order derivatives because they do not take part in the process of formation of
SIT-pulses and take part only in the process of formation of the bound state of two breathers.
For the nonresonant case ii, the situation is different. The second-order derivatives in Eq.(7) not only take part
in the formation of the bound state of two breathers, but also take part in the process of formation of nonresonant
nonlinear solitary wave. This is explained by the fact that for the formation of nonresonant nonlinear solitary wave
it is necessary that the Kerr-nonlinearity be balanced by dispersion (the diffraction effects are not considered here).
Dispersion effects are connected with the term Hl,n in Eq.(10) and if we neglect the second-order derivative terms
in Eq.(7) with the coefficients g2, g4, g5 then we observe that the quantity Hl,n becomes equal to zero and the
nonresonant solitary wave is not formed. So, when we investigate nonresonant nonlinear solitary waves, in contrast
to SIT theory (case i) we should always take into consideration the second-order derivatives in wave equation (7).
For the hybrid TVB oscillating with the SDFW (case iii) the situation is similar to the nonresonant case because
for hybrid waves both resonant and nonresonant mechanisms are involved in the formation of nonlinear solitary waves
and, consequently, we must retain the second-order derivatives in the wave equation (7).
We also have to note yet another important circumstance concerning the second-order derivatives in the wave
equation (7). Although we can keep the second-order derivatives in Eq.(7), nevertheless we can not always obtain
TVB oscillating with SDFW. This happens so because for the investigation of two-component solitary waves it is
necessary to have a sufficient number of auxiliary complex functions and parameters. In particular, the standard
PRM [57], contains only one complex auxiliary function and two constant parameters which is not enough for the
description of two-component solitary waves (see, for instance [53, 64, 65]). However the application of the generalized
PRM Eq.(8) gives us a chance to introduce two complex auxiliary functions and eight constant parameters.
To summarize the results discussed above, we make the following conclusions: for the investigation of resonant,
nonresonant and hybrid TVB oscillating with SDFW it is necessary to take into consideration the second-order
derivative terms of the wave equation (7), the waves must be the phase-modulated (see Section III), and the generalized
PRM Eq.(8) should be used.
The hybrid TVB oscillating with SDFW Eq.(15) adds to new physical conditions in which allow us to study this
two-component solitary wave previously had been studied only for the resonance and nonresonanse waves. On the
other hand, together with hybrid one-component solitons and hybrid one-component breathers, the hybrid TVB
oscillating with SDFW makes the theory of hybrid nonlinear solitary waves more complete.
V. APPENDIX I
Dl =
∫
ε(z1, t1)E(z − z1, t− t1)dz1dt1, (16)
Substituting Eq.(4) into Eq.(16), and taking Eq.(5) into consideration, we obtain
Dl =
∑
l
Zl[κ− ia
∂
∂z
+ ib
∂
∂t
− c
∂2
∂z2
− d
∂2
∂t2
+ t˜
∂2
∂z∂t
]Eˆl, (17)
where
κ =
∫
ε(z1, t1)e
−il(kz1−ωt1)dz1dt1,
7a = −i
∫
ε(z1, t1)z1e
−il(kz1−ωt1)dz1dt1,
b = i
∫
ε(z1, t1)t1e
−il(kz1−ωt1)dz1dt1,
c = −
∫
ε(z1, t1)
z1
2
2
e−il(kz1−ωt1)dz1dt1,
d = −
∫
ε(z1, t1)
t1
2
2
e−il(kz1−ωt1)dz1dt1,
t˜ =
∫
ε(z1, t1)t1z1e
−il(kz1−ωt1)dz1dt1.
Substituting Eqs. (4) into the Bloch equations (3), and the using the condition of the inhomoheneouse broadening
of the spectral line, we obtain a polarization of two-level atoms in the form
Pr = i
n0µ
2
~
< g >
∑
l=±1
lZl[ε
1Θl
(1) + ε2Θl
(2) + ε3Θl
(3) − ε3
κ20
2
∫
∂Θl
(1)
∂t
Θ−l
(1)Θl
(1)dt′] +O(ǫ4) (18)
where
Θ
(α)
l (z, t) =
∫ t
−∞
Eˆl
(α)
(z, t′)dt′, < g >=
∫
g(∆)d∆
1 + T 2∆2
,
g(∆) is the inhomogeneous broadening lineshape function for an ensemble of two-level optical atoms or SQDs, ∆ =
ω0 − ω.
VI. APPENDIX II
The analytical solution of Eq.(12) in the form of two components of the vector soliton u+ and u− has the form
(see, for instance [46, 48] and references therein)
u±(z, t) =
f±1
bT
sech(
t− z
V0
T
)ei(k±1z−ω±1t), (19)
where the quantities f±1, k±1 and ω±1 are the real constants. V0 is the nonlinear wave velocity.
T−2 = V 20
v+k+1 + k
2
+1p+ − ω+1
p+
, b2 = V 20
f2+1q+ + f
2
−1r+
2p+
, k±1 =
V0 − v±
2p±
. (20)
The following inequalities
k±1 << Q±, ω±1 << Ω±, (21)
are valid.
The relations between the quantities f±1 and ω±1 have the form
f2+1 =
p+q− − p−r+
p−q+ − p+r−
f2−1, ω+1 =
p+
p−
ω−1 +
V 20 (p
2
− − p
2
+) + v
2
−p
2
+ − v
2
+p
2
−
4p+p2−
. (22)
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